Illustrating a problem in the self-financing condition in two 
2010-2011 papers on funding, collateral and discounting* 



Damiano Brigo 1 , Cristin Buescu 2 , Andrea Pallavicini 3 and Qing Liu 1 

department of Mathematics, King's College London, on move to Imperial College 
2 Department of Mathematics, King's College London 
3 Financial Engineering, Banca IMI, Milan 



First version: May 8, 2012. First posted on SSRN and arXiv on July 10, 2012. 

This version: July 17, 2012 



Abstract 

We illustrate a problem in the self-financing condition used in the papers "Fund- 
ing beyond discounting: collateral agreements and derivatives pricing" (Risk Magazine, 
February 2010) and "Partial Differential Equation Representations of Derivatives with 
Counterparty Risk and Funding Costs" (The Journal of Credit Risk, 20ff). These pa- 
pers state an erroneous self-financing condition. In the first paper, this is equivalent to 
assuming that the equity position is self-financing on its own and without including the 
cash position. In the second paper, this is equivalent to assuming that a subportfolio is 
self-financing on its own, rather than the whole portfolio. The error in the first paper 
is avoided when clearly distinguishing between price processes, dividend processes and 
gain processes. We present an outline of the derivation that yields the correct statement 
of the self-financing condition, clarifying the structure of the relevant funding accounts, 
and show that the final result in "Funding beyond discounting" is correct, even if the 
self- financing condition stated is not. 
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*We are grateful to Daniele Perini for interesting suggestions and discussion. Given the specific moment 
and the current turmoil affecting the top management of some important banks following the LIBOR fixing 
scandal, see for example [12] . and given that the authors of the articles we are scrutinizing are all affiliated with 
one of said banks, we feel it is important to point out that this is not meant as a criticism to the quantitative 
teams of said bank. This is simply a technical paper addressing a problem in the above published articles 
and has nothing to do with the affiliation of such articles' authors, or with the articles publisher. Finally, this 
article reflects only the authors opinion and in no way represents the authors employers, present and past. 
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1 Introduction 

Cost of funding has become a paramount topic in the industry. One just has to look at the 
number of presentations and streams at modeling conferences of 2010-2012 that deal with this 
topic to realize how much research effort is being put into it. Despite this sustained effort, 
the literature is still in its infancy. One of the difficulties is that the funding problem ties in 
naturally with credit risk, collateral modeling and discounting. 

An initial analysis of the problem of replication of derivative transactions under collateral- 
ization in a Black and Scholes framework, but without the complicated and subtle intricacies 
of default risk, has been considered in |19j . 

The fundamental impact of collateralization on default risk and on CVA and DVA has 
been analyzed in [8], and more recently in [3] and [2]. 

The works [3] and [2] look at CVA and DVA gap risk under several collateralization 
strategies, with or without re-hypothecation, as a function of the margining frequency, with 
wrong-way risk and with possible instantaneous contagion. Minimum threshold amounts and 
minimum transfer amounts are also considered. We cite also [I] and [3] for a list of frequently 
asked questions on the subject. 

The fundamental funding implications in presence of default risk have been considered in 
|17| . see also [7j. In order to highlight some essential features of funding costs these works 
focus on particularly simple products, such as zero coupon bonds or loans. 

The work in [14] analyzes implications of currency risk for collateral modeling. 

The above references constitute a beginning for the funding cost literature, but do not have 
the level of generality needed to include all of the above features in a consistent framework 
that can then be used to manage complex products. A general theory is still missing. The 
only exceptions so far are [6] and [5] , which resort to a PDE approach and do not deal with the 
hidden complexities of collateral modeling and mark-to- market discontinuities at default, and 
do not state explicitly the funding assumptions for all the assets in their replicating portfolio. 
The other general result is presented in the series [9], [10], [TT], which resort to backwards 
stochastic differential equations. 

The paper [18] follows the same level of generality of [9j and tries to deal with dif- 
ferent models of funding policy, while still accounting for CVA, DVA, collateral and re- 
hypothecation. 

A few available books have started including funding costs analysis, see for example |16] 
and [4]. 

In this note we address an important problem with the self-financing condition used in 
[T9] and [6]. The necessity for writing specifically a note is due to the fact that [19] is highly 
quoted at industry conferences worldwide in the practitioners spac^E while [6] has received 
extensive exposure, and we believe it is therefore important to highlight this issue. 

This erroneous self-financing condition stems from a common failure in applying the 
stochastic Leibnitz rule. This error is common even in mainstream textbooks such as [15J 
and has been pointed out explicity for example in [20] (Exercise 4.1cH). 

1 "For his work showing how to reconcile these complicating factors within a deriva- 
tives pricing framework [the Author] wins Risk's quant of the year award for an unprece- 
dented second time. [The Author] 's paper "Funding beyond discounting" was the first to 
show how funding rates and the posting of collateral can affect the pricing of derivatives." 
http : //www. risk .net /risk-magazine/feature/ 1934297/quant-vladimir-piterbarg-bar clays-capital 

2 We thank Chris Kenyon for reminding us of this exercise in [2D], see also [15] 
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2 The self-financing condition and the problem in [19] 



The problem is immediate. We also notice that the same problems affects the proofs in |6j. 

Formula (2) in [19] reads, for the portfolio II that replicates the derivative V (we use 
identical notation) 



V(t)=lT(t) = A(t)S(t) + 7 (t) (2) 

where S is "price process" of the underlying asset, and 7 is the "cash amount split among a 
number of accounts [...]". 
Then [T9] goes on: 

"On the other hand, from (2), by the self-financing condition 



dy(t) = dV(t) - A(t) dS(t) (*) 

[-]" 

We argue that this formulation of the self-financing condition is wrong. 
It is enough to differentiate directly (2) to obtain 

dV(t) = d(A{t)S{t)) + dj(t), (**) 
and combine this last equation with (*) to obtain 

d(A(t)S(t)) = A{t) dS(t) (Wrong) . 

The boxed equation, immediately implied from the assumptions in [19], would imply that 
the position in the risky asset S is self-financing on its own, in that the change in the total 
value of the position, namely d(A(t)S(t)), is funded by the asset market movements alone: 
A(t) dS(t). 

A further consequence of the above error follows immediately from the stochastic Leibnitz 
rule, leading to 



dA t = (wrong), 

and indeed if equity needs to be self-financing on its own the only possibility is that the 
amount of equity is constant (there is no re-balancing of the single position). 



3 The self-financing condition and the problem in [6j 

The same problem affects the self-financing condition stated in [6|. In that work it is stated 
explicitly that the portfolio consisting of the stock S, the bond P B of party B, the bond Pc 
of party C, and f3(t) cash is self-financing. This portfolio value can be written as in the first 
Equation of [6j following (3.2), namely (we use identical notation) 

-V(t) = n(t) = 5(t)S(t) + a B (t)P B (t) + a c (t)P c {t) + /0(t). (#) 

The self-financing condition is stated in Equation (3.3) of [6] which reads 



-dV(t) = 5(t)dS(t) + a B (t)dP B (t) + a c (t)dP c (t) + df3(t). 



(##) 
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The reader has clearly seen where the problem is: if we now differentiate Equation (#) and 
equate the resulting equation with we immediately obtain: 

d(S(t)S(t) + a B (t)P B (t) + a c (t)P c (t)) = 5(t)dS(t) + a B (t)dP B (t) + a c {t)dP c (t), 

which clearly implies that the portfolio of the three assets 

S, P B , Pc 

is self-financing. This is clearly at odds with [6J stating instead that the entire portfolio 

5, P B , Pc, cash 

is self-financing. 

This is the same problem that afflicts the self- financing condition in [19] . except that here 
it is distributed across more than one asset. 

4 A sketch of the correct formulation in the framework of |19| 

Since the derivation of the result is important, as it provides a description of the funding 
account and of the funding strategy, we believe it is appropriate at this point to illustrate the 
proper formulation for [19] . We point out that we do not discuss the assumptions in [19] . as 
we rather concentrate on the correct formulation of the self-financing condition under their 
assumptions. For a more comprehensive framework that includes explicit default modeling, 
collateral modeling, re- hypothecation and debit valuation adjustments we refer the reader 
elsewhere, for example [18] or [9]. 

One of the problems in the above derivation is that it does not distinguish between gain 
processes, price processes and dividend processes, and in confusing them brings about a 
problem. We present below an informal and yet correct account of the theory. The full 
theory can be found in Duffle [13]. 

We define an asset Ai to be described by a price process P^ and a dividend process Df. 
The gain process is defined as 

Gf := P? + Df. 

Now we assume that i belongs to a finite set of indices {1, 2, . . . , n}, and call A the vector of 
assets with components A^. 

A trading strategy in A is defined as a pair 

II := (9 A ,A) 

where 9 is a vector of portfolio positions (number of units) in each asset. 
The value of the trading strategy is defined as 

V n :=e ApA + ^ +0 A p A 

while the gain process of the strategy is 

dG u := OtdGf + ... + 6 n dG*. 
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A trading strategy is termed self-financing if its dividend is zero (there is no dividend 
outflow or inflow from the portfolio), namely if 



This implies in particular that 



G u - V n = 0. 



or 

d{9 A P A + ... + 6 A P A ) = 6 x dG A + ... + B n dG A 
but notice that in general 

d(6 A Pf + ... + 9 A P A ) ± Q x dP A + ... + 6 n dP A . (* * *) 

Indeed, the self-financing condition for the strategy does not imply that 

dGf = dP? 

for the single asset i. Clearly, if all single assets have null dividend process, it follows that 
the self-financing condition for the strategy implies an equality in (***) ; but more generally 
this does not hold. 

Finally, a claim Y is replicated by the strategy IT if 

V Y = V U , G Y = G U 

for all t > and up to the claim maturity. 

We now apply the above framework to the setup in [19 ■. 

For a derivative with value V Y we seek a self-financing strategy that replicates it. We try 
the strategy (9 A , A) =: II. 

We define the vector A of assets: A\ to be a repo contract for the risky asset, the risky 
asset price being denoted by St] A2 is a collateral position, the collateral price being C, and 
^3 is the funding position, whose price is denoted by a. 

For such positions we have the price processes 

P l A = 0, P 2 A = C, P 3 A = a (1) 

and the gain processes 

dGf = dS + (r D - r R )Sdt, dG A = r c Cdt, dG A = r F adt, (2) 

where ro is the rate at which stock dividends are paid, is the short rate on funding secured 
via repo, rc is the short rate of cash/collateral, and rp is the short rate for unsecured funding. 

We omit the superscript "A" in the following to lighten notation. 

One can immediately write the dividend processes for the three accounts as follows: 

dS + (r D - r R )Sdt, Di(0)=0, (3) 
r c Cdt-dC, £> 2 (0) = 0, 
r F adt-da, D 3 (0) = 0. 



dDi 


= dG x 


- dPi 


dD 2 


= dG 2 


-dP 2 


dD 3 


= dG 3 


-dP 3 



The components of 9 are 
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0\ = A, 02 = 1, #3 = 1- 

Notice that here the single asset dividend processes are not null. Hence we have (***). 
The self-financing condition requires 

G n = V u 

whereas the replication condition requires 

V n = V Y . 

It follows that 

G u = V Y . 

Let us now take a look at V 11 and G n : 

V u = AO + \C + la => a = V n - C = V Y - C. 

We notice that, by plugging a = V Y — C into Equations ([T]), ^ and Q, we obtain 
all the dynamics of the price, gain and dividend processes expressed in terms of the market 
observable quantities 

S, C, V. 

We have immediately by definition of gain process that 

dG n = B\dG\ + 8 2 dG 2 + 6 3 dG 3 , 

namely 

dG u = A[dS + (r D - r R )Sdt] + lr c Cdt + r F {V Y - C)dt. 

At the same time since we are imposing G n = V Y , we have dV = dG n given by the 
equation above. On the other hand, through Ito's formula, 

„ rY ov Y , dv Y lci id 2 v Y ,._. 2 

dV =^r dt + ^ dS+ 2^ d ^ 

and by equating the right hand sides of the last two equations we obtain 



8V Y 8V Y 1 8 2 V Y 
A[dS + (ru - r R )Sdt] + \r c Cdt + r F (V Y - C)dt = —dt + —dS + -^^(S) 2 , 

from which 

A = A(r D - r fl )5 + r c C + r F (V Y - C) = + ^4^- 

From now on the derivation may continue as in [19] with their equation (3). 
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5 Conclusion 

We illustrated a problem with the self- financing condition used in [19] and [6]. This wrong 
condition implies that the portfolio without cash is self-financing on its own. Since a sound 
funding theory depends crucially on financing costs, the violation of the self-financing condi- 
tion is an important problem. Fortunately, the error can be corrected and the same result 
obtained in a rigorous way for |19j . and we briefly sketched the correct setup, casting light on 
the necessary distinction between dividend processes, price processes and gain processes. 
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